The pair-correlation function is one of the basic quantities to characterize the coherence properties of a Bose-Einstein condensate. We calculate this function in the experimentally important case of a zero temperature Bose-Einstein condensate in a metastable triplet helium state using the variational method with a pairexcitation ansatz. We compare our result with a pair-correlation function obtained for the hard-sphere potential with the same scattering length. Both functions are practically indistinguishable for distances greater than the scattering length. At smaller distances, due to interatomic interactions, the helium condensate shows strong correlations. DOI: 10.1103/PhysRevA.69.023614 PACS number͑s͒: 03.75.Hh, 39.20.ϩq The notion of a Bose-Einstein condensate is related to its coherence properties. The standard picture of a condensate as a macroscopically occupied quantum state refers explicitly to first-order coherence, which has been demonstrated in a variety of interference experiments ͓1-3͔. However, the ability to produce interference fringes is not the attribute which can be assigned uniquely to a Bose-Einstein condensate. In fact, even thermal atoms can interfere, provided they are sufficiently monochromatic ͓4,5͔. This is a higher-order correlation that distinguishes laser light from a thermal but filtered one. Similarly, higher-order coherence should characterize a genuine Bose-Einstein condensate. So far there is only a very limited experimental evidence that a trapped condensate is coherent in higher orders ͓6,7͔.
The notion of a Bose-Einstein condensate is related to its coherence properties. The standard picture of a condensate as a macroscopically occupied quantum state refers explicitly to first-order coherence, which has been demonstrated in a variety of interference experiments ͓1-3͔. However, the ability to produce interference fringes is not the attribute which can be assigned uniquely to a Bose-Einstein condensate. In fact, even thermal atoms can interfere, provided they are sufficiently monochromatic ͓4,5͔. This is a higher-order correlation that distinguishes laser light from a thermal but filtered one. Similarly, higher-order coherence should characterize a genuine Bose-Einstein condensate. So far there is only a very limited experimental evidence that a trapped condensate is coherent in higher orders ͓6,7͔.
The theory of coherence of a matter field can be formulated in terms of correlation functions ͓8͔. Due to interatomic interactions, the coherence properties of a matter field are modified as compared to an electromagnetic field. Standard techniques of monitoring a condensate are based on optical detection which, depending on the type of measurement, are probing different correlation functions ͓9͔. The second-order correlation function is of special importance, as it contains information about density-density correlations. In analogy to quantum optics, one may expect that the best way of determining higher-order coherence properties of a condensate would be achieved in atom counting experiments. At the moment, only a metastable helium condensate seems to be an appropriate candidate for that type of experiments ͓10,11͔. This is due to the huge excitation energy of the metastable helium ͑about 20 eV͒, which can be released when the atom falls on a multichannel plate. It opens a possibility for singleatom detection and justifies some hopes that a fine structure of the pair-correlation function can be resolved. There are also attempts to create a condensate in metastable neon, which for similar reasons, should be very well suited for correlation measurements ͓12͔.
Here we present the method of obtaining the paircorrelation function of a dilute gaseous atomic Bose-Einstein condensate at zero temperature. Our approach does not apply to the case of liquid helium, which is a strongly interacting system. Our studies are directly related to the case of BoseEinstein condensate in spin-polarized helium in the metastable 2 3 S 1 state ͓10,11͔. We use an accurate approximation to the potential of the lowest 5 ⌺ g ϩ state of two colliding atoms.
The two-particle correlation function ͑diagonal part͒ is defined as
where ⌿ (r) is the bosonic operator annihilating the particle at position r. This function is proportional to a joint probability of simultaneous measurement of two particles: one at position r 1 and the second at r 2 . The normalization of the pair-correlation function removes the dependence of g 2 on local densities of particles. If two particles are separated by a distance much larger than the interaction range, they become independent and the correlation function is equal to one ͓13-15͔. Thus the real goal is to obtain the pair-correlation function at distances comparable to the scattering length, which is much smaller than the typical size of the condensate. At such distances a trapped condensate is locally homogenous and the pair-correlation function depends on the interparticle distance r. The main issue in calculating the correlation function is to find a good approximation to the N-body ground state of interacting particles. Since we are interested in distances of the order of a scattering length, we do not apply the contact pseudopotential ͑CP͒, but use the real potential instead. In principle CP gives a correct description of the phenomena with characteristic length scale much larger than the scattering length; only then the two-body scattering can be described by a single parameter-a scattering length.
We consider a system of N bosonic particles, confined in a box of volume V and interacting via a two-body short-range potential. The Hamiltonian of the system with periodic boundary conditions reads *Author to whom correspondence should be addressed. Email address: pazin@fuw.edu.pl
•r͔ is the Fourier transform of a two-body interaction potential. We assume that the potential v(r) depends only on the distance between particles. The operator a k annihilates a particle of momentum k. The exact analytic solution of this many-body problem is not accessible. The standard approach is based on the Bogoliubov method: a 0 is substituted by a c-number amplitude a 0 →ͱN␣ 0 , and only second-order terms in operators a k or a k † are kept in Eq. ͑2͒. With this approximation the Hamiltonian ͑2͒ can be diagonalized with the help of the Bogoliubov transformation. A state annihilated by all quasiparticle operators is the Bogoliubov vacuum and can be considered as the approximate many-body ground state.
The Bogoliubov method, working so well for a contact potential or ''weak coupling'' ͑when the Born approximation is justified͒, is not valid for ''strong coupling'' when a steep repulsive core is present. In this case, we cannot omit the third-and fourth-order terms ͑i.e., terms including third and fourth powers of the creation or annihilation operators of the k 0 modes͒ in the Hamiltonian, since their contribution is comparable to that given by the second-order terms. To justify the above statement we use the following argument. The many-body wave function of the system can be decomposed into two parts: the n-fold product of single-particle orbitals ͑condensate part͒ C and noncondensed ͑quantum depletion͒ component NC , ϭ C ϩ NC . The interaction energy is given by integral ͐( C ϩ NC )*v( C ϩ NC ) and can be divided into condensate-condensate, condensatenoncondensate, and noncondensate-noncondensate interaction energies. When the interaction potential has a strong repulsive core must vanish if the distance between any pair of particles is smaller than characteristic size of potential repulsive core, (r 1 , . . . ,r N )ϭ0 if r i Ӎr j , i j. Obviously in this region C ӍϪ NC . But this is exactly the region, where the main cortribution to all four terms of the interaction energy is coming from. All these terms are of significant value and their sum is small, due to mutual cancellation. In particular, the noncondensate-noncondensate interaction is described mainly by the fourth-order terms in the many-body Hamiltonian. Therefore, if interaction potential has a strong repulsive core the fourth-order terms cannot be neglected.
The higher-order terms are taken into account in the Hartree-Fock-Bogoliubov method, or in the variational method of Girardeau and Arnowitt ͓16͔. The basic difference between these two methods is that the latter preserves the total number of particles ͑this method has been generalized by Castin and Dum ͓17͔ to a case of trapped condensates͒. In our approach we follow the method of Girardeau and Arnowitt.
The variational ground state ͓16͔, in analogy with the traditional Bogoliubov method, is postulated to be a paircorrelated state
where ͉N͘ is a state of N particles being in the kϭ0 mode and (k) is assumed to be a real and even function. Moreover, we assume that its modulus is smaller than one. The operator ␤ 0 † is defined as ␤ 0 ϭa 0 N 0 Ϫ1/2 a 0 N 0 Ϫ1/2 . This operator annihilates two particles in the kϭ0 mode: ␤ 0 ͉N͘ϭ͉N Ϫ2͘; hence the variational ground state contains contributions ͑to all orders͒ from processes in which pairs of particles of momentum k and Ϫk are created out of the condensate.
In fact, the operator ␤ 0 ͑and similarly ␤ 0 † ϭ␤ 0 Ϫ1 ) is not well defined in the whole Fock space-when acting on the state with zero or one particle in the kϭ0 mode it produces an unphysical state with negative occupation of this mode. Therefore, we should use the finite expansion of the exponential function in Eq. ͑3͒. However, N is very large and the error caused by extending it to infinity ͑i.e., including unphysical states͒ is negligible.
In the limit of large V the expectation value of the Hamiltonian, E 0 ͓͔ϭ͗⌿͉H͉⌿͘, in this state is ͓16͔
where N qd (k) is the k component of quantum depletion:
N a (k) is k component of anomalous population ͑note that it can be negative͒;
where N 0 ϭNϪ ͚ k 0 N qd (k) is a number of condensed atoms. The quantum depletion and anomalous population are related by N a 2 (k)ϭN qd (k)͓1ϩN qd (k)͔уN qd 2 (k). The absolute value of the anomalous population is always larger than the corresponding quantum depletion.
The expression for the mean energy has a simple physical interpretation. The first term of Eq. ͑4͒ describes the kinetic energy of noncondensed particles and their energy of interaction with particles from the condensate. The second term corresponds to the mutual interaction of noncondensed atoms via a two-body potential. Similarly, the next two terms give the interaction energy of the k, Ϫk pair ͑anomalous population͒ with the condensate and energy of mutual interaction of the above condensate pairs of particles. The last term is simply a constant. The mean energy is a functional of (k). To find a variational ground state, we minimize the energy functional of Eq. ͑4͒. The condition for minimum energy has, in a general case, the form of a nonlinear integral equation ͓16͔. Girardeau ͓18͔ solved this equation in the weak-coupling limit. However, this is not the case when the real potentials are involved. Therefore, we will not use the assumption of ''weak coupling.'' We will, however, restrict our considerations to the case of dilute gases, where na 3 Ӷ1 (nϭN/V and a is a scattering length͒. This assumption allows for a substantial simplification and the exact solution of the variational problem even in the realistic case of helium.
In the regime of a dilute gas, the quantum depletion is of the order of ͚ k 0 N qd (k)ϷNͱna 3 ӶN. Therefore, we can substitute N 0 by a total number of particles N 0 ϷN.
As we have already mentioned, the pair-correlation function is equal to one on distances much larger than the scattering length. On the other hand, due to the presence of the repulsive core, the pair-correlation function goes to zero at very small distances rϷ0. Therefore, the essential changes in the behavior of the pair-correlation function take place at distances of the order of the scattering length. This length scale is related to large wave vectors kϾ1/a. Modes characterized by small k only give a constant ͑and in realistic case small͒ contribution to the pair-correlation function and can be neglected. Since both quantum depletion and anomalous density in the limit of kϾ1/a are much smaller than one, we approximate these quantities by:
In the following the function (k) is treated as a small parameter and we consistently keep only terms up to secondorder in (k) in the energy functional ͑4͒. The function (k) minimizing the energy functional satisfies the condition ␦E 0 /␦(k)ϭ0, which leads to
͑9͒
We can further simplify the problem by considering relevant length scales. The condensate becomes uniform on distances of the order of a healing length. On this scale, the paircorrelation function should approach its asymptotic value of 1. A characteristic healing length can be obtained by putting the kinetic energy associated with momentum kϭ1/ equal to characteristic interaction energy nṽ (0):
The healing length is much larger than the scattering length for realistic potentials (ӷa). In the relevant range of distances between the two particles, rӶ, the kinetic energy of depleted particles is much larger than their interaction energy with a condensate, and we can neglect the latter in the first term of Eq. ͑9͒.
At this point we assume the thermodynamic limit (V →ϱ, nϭconst), i.e., we substitute the sum with the integral over momenta in Eq. ͑9͒. Then by taking a Fourier transform we obtain equation equivalent to a stationary Schrödinger equation in the center of mass of two atoms colliding with zero relative energy, where the function ͓1Ϫ(r)͔ plays a role of the wave function:
•r͔ is the inverse Fourier transform of (k). Note that (r) must vanish at infinity because (k) should be a regular function. It can be shown that the spherically symmetric solution ͑10͒ has ͑for large r) the asymptotic form (r)Ӎa/r, where a is a ͑positive͒ scattering length ͓19͔. The same equation was obtained in Refs. ͓20-22͔. Let us note that recently an equation of similar structure has been derived for the first-order correlation function ͓23͔.
Finally, including all our approximations we obtain the value of the ground-state energy equal to
This is in agreement with the well-known result in the limit of a dilute system ͓19͔.
We have assumed ͉(k)͉Ӷ1; hence following the consideration of Girardeau and Arnowitt ͓16͔ we can rewrite the pair-correlation function in the low-density limit to the form:
The pair-correlation function is therefore directly related to the zero-energy solution of two-body scattering problem in relative coordinates. Equation ͑10͒ can be solved numerically for the real two-body interaction potential. Here we consider a spin-align triplet state 2 3 S 1 of metastable helium atoms and apply the interatomic potential for the lowest 5 ⌺ g ϩ state of two colliding atoms, obtained by Starck and Meyer ͓24͔. It supports 15 bound states of the He 2 molecule; the highest is only weakly bound. The exact energy of this weakly bound state is crucial for determination of the scattering length. The scattering length obtained from potential we use is equal to aϭ8 nm, which seems to be within the bounds of estimates of Gadea et al. ͓25͔ (aϽ15 nm) and recent experimental measurements (aϭ16Ϯ8 nm) ͓11͔. Energies of the deeply bound states will hardly change within the accuracy of the calculations.
In Fig. 1 we present the pair-correlation function g 2 of a helium 2 3 S 1 metastable state. It vanishes at distance rϭ8 nm which is equal to the value of scattering length obtained from the calculations of Starck and Meyer ͓24͔. At large distances the pair-correlation function goes to one. For comparison, together with the calculated g 2 function, we plot the corresponding result obtained for hard-sphere potential, calculated in Ref. ͓15͔ ͑dashed line͒:
͑13͒
In principle this formula is valid for rуa. As shown in the inset, the analytic continuation of the above formula perfectly matches numerical result obtained for a realistic strongly repulsive-core potential down to rϭ4 nm. In Fig. 2 we magnified the small r region to show the oscillations of g 2 . There are 15 oscillations of g 2 which correspond to the number of bound states supported by the potential. The maxima are located at the positions representing the mean distance between helium atoms in molecular bound states. This structure is attributed to the interparticle interactions and is not present in the correlation function of coherent light. The uncertainty in determination of the interatomic potential will not affect positions of the first 14 peaks in the pair-correlation function. It will, however, affect the position of the last zero of g 2 (r). The zero has to be located at the distance equal to the value of the scattering length which is, according to the experiment ͓11͔, equal to aϭ16Ϯ8 nm. In summary, we have calculated the pair-correlation function in the experimentally important case of helium in the 2 3 S 1 metastable state and compared it with the corresponding result for the hard-sphere potential. The pair-correlation function g 2 is the basic quantity to characterize the coherence properties of a Bose-Einstein condensate. Our result shows that at distances larger than the scattering length, the helium condensate's pair-correlation function is practically the same as one obtained for a hard-sphere potential. At smaller distances due to interatomic interaction the system shows strong correlations. Direct experimental verification of our result runs into few severe difficulties. Namely, it requires simultaneous detection of two atoms with spatial resolution of the order of few nanometers, but at the moment the spatial resolution of the multichannel plate is of order of 1 m. Probably the way out is a direct detection of a number of correlated pairs with opposite momenta k and Ϫk ͓26͔. It may allow for determination of (k). Highresolution measurement of the pair-correlation function is a real experimental challenge, but seeing the rapid technological advances in this field we believe that it will become possible in the near future. 
